Abstract. In this paper we address the problem of formalizing qualitative topological relationships between geographical objects in a Geographical Pictorial Query Language (GeoPQL) in order to completely capture the semantics of the user queries. We focus on the polygonpolyline topological relation and we define a 16-intersection matrix that has been conceived to enhance and distinguish the semantics of cells' content with respect to the well-known 9-intersection matrix. On the basis of such distinctions, we revise the geographic operators of GeoPQL and we give their formal semantics. In order to implement our proposed 16-matrix, we invoked in GeoPQL the open source Java libraries JTS Topology Suite, which conforms to the Simple Features Specification for SQL published by the Open GIS Consortium-OGC. Finally, the proposed 16-intersection matrix is illustrated through some query examples.
Introduction
Human knowledge about spatial world is necessarily approximate, and spatial reasoning is an area where humans consistently reason approximately with good results [11] . Approximate qualitative spatial reasoning is a research area that has been conceived to represent commonsense reasoning and to incorporate such reasoning techniques in computer systems [16] . In particular, this research area deals with the development of techniques and tools for reasoning with nonmetrical and incompletely specified spatial knowledge [6] . In this context, most studies focused on fundamental aspects of space such as topology, orientation, size, and shape. These topics have been extensively investigated since more than one decade both at a mathematical level [7] , and within Geographic Information Systems (GIS) [20] [22] [23] [27] . The remarkable amount of studies in these directions aimed at including qualitative reasoning methods in standard GISs in order to overcome the key limitations of these systems which are entirely based on numerical methods [6] [21] . Indeed, numerical approaches for representing and reasoning on spatial information are ineffective to process imprecise or uncertain data [30] . For this reason, advanced GISs must provide an effective and accessible query system to appropriately capture a user's desired search criteria and a user's mental query model [17] [18] . Specifically, the user's query mental model is the user's perception regarding the semantics of the query in his/her mind.
In general, geographic queries can be better expressed by using graphical metaphors in query languages. They are powerful to express the user's query mental model [24] , and to exploit the semantics of data models in order to facilitate query formulation. In the field of spatial databases many authors studied the way to formulate queries using graphical configurations, and to embed them into query languages, for instance [18] [28] . In particular, in [18] the authors proposed a pictorial query language, called Geographical Pictorial Query Language (GeoPQL), to address the user's query mental model and to answer to his/her queries. They defined a set of Symbolic Graphical Objects (SGOs) to graphically represent the spatial configurations of geographic entities (i.e., point, polyline, and polygon), the spatial relationships of pairs of SGOs, as well as the spatial operators based on an Object-Calculus. In this paper, we refer to GeoPQL. Indeed, the formalization of qualitative topological relationships between spatial objects is one of the main topics in the representation and manipulation of spatial data. In order to characterize such topological relationships, the well-known 9-Intersection matrix is extensively used [12] .
Suppose the user wants to find all the Italian regions which are passed through by a river. This query can be graphically represented in the GeoPQL working area, for instance, by means of one of the pictorial queries shown in Figures 1 and 2 , where regions and rivers are represented by polygons and polylines, respectively. With respect to the pictorial query shown in Figure 1 , the one given in Figure 2 also requires that an internal part of the river is on the boundary of (touches) the region. The 9-Intersection matrices related to these figures differ for only one value, i.e., in correspondence to the intersection between the boundary of the polygon and the interior of the polyline. In particular, according to the standard notation in the OGC environment [3] , in the case of Figure 1 , it is 0, meaning that the dimension of the intersection is a point, whereas in the case of Figure 2 , it is 1 meaning that this dimension is a line.
However, often the abstractions of spatial relationships defined in the literature cannot efficiently capture the variety of semantics associated with the user queries. For instance, in the case of Figure 2 , the intersection between the boundary of the polygon and the interior of the polyline consists of three points and one line. This level of detail can not be incorporated in a unique 9-intersection matrix. For this reason, in [9] , [10] , three different 9-intersection matrices, representing point, polyline, and polygon intersection results, respectively, have been introduced.
In this paper, we focus on this problem and we propose a 16-intersection matrix, which is the main contribution of this paper, which enables us to embed in a unique matrix the point, polyline, and polygon intersection results. Essentially in our proposed matrix, we enhance the semantics of the interior and boundary of a polyline and a polygon, respectively. Specifically, the interior of a polyline is decomposed into isolated single interior points (L ip ) and interior lines L i l . Similarly, the boundary of a polygon is decomposed into isolated single boundary points (P bp ) and boundary lines (P b l ). In particular, with respect to the well-known matrices proposed in the literature where for each cell only null or non-null intersections are given, the 16-intersection matrix provides, for a given topological relationship, the number of connected components that are in the intersection of the pair of SGOs. On the basis of such distinctions, we revise the geographic operators of GeoPQL and we give their formal semantics. These formalizations allow us not only to precisely distinguish each operator but also to define composite operators that correspond to the combination of different topological relationships. For instance, in both the aforementioned figures, the geo-operator corresponding to the topological relationship is "pass-through" but, in the case of Figure 2 , it is also combined with the "touch" operator. In order to implement our proposal, we invoked in GeoPQL the open source Java libraries JTS Topology Suite [4] , which conforms to the Simple Features Specification for SQL published by the Open GIS Consortium-OGC.
The paper is structured as follows. In Section 2, the GeoPQL operators are revised. In Section 3, the 16-intersection matrix is formally defined and some examples are given in order to clarify it from a graphical point of view. In the same section, a query example is provided in order to show our proposal. In Section 4, we illustrate the implemented 16-intersection matrix in GeoPQL. In Section 5 the related work follows, and in Section 6 the conclusion is given.
Revised GeoPQL operators
In this paper, among the possible geographical pictorial languages proposed in the literature, we focus on GeoPQL [18] . Below, we start by recalling the notion of Symbolic Geographical Objects (SGOs). The GeoPQL algebra consists of 12 binary geo-operators, which are logical (Geo-union (UNI), Geo-any (ANY), Geo-alias (ALS)), metrical (Geo-difference (DIF), and Geo-distance (DIS)), and topological (Geo-disjunction (DSJ), Geotouching (TCH), Geo-inclusion (INC)
1 , Geo-crossing (CRS), Geo-pass-through (PTH), Geo-overlapping (OVL), Geo-equality (EQL)). Our focus is on the polygonpolyline relation, therefore in this paper we will consider a subset of the topological operators, namely, disjoint (DSJ), inclusion (INC), touch (TCH), and pass through (PTH). Indeed, the remaining operators are not considered because in the case of the polygon-polyline relation they are not applicable (see for instance CRS which is defined between two polylines, OVL which is defined between two polygons, or EQL which is defined for two polylines or two polygons).
The formal semantics of the above mentioned operators is formally given in the Definition 22 below. Before introducing it, we have to present the notation we use in our approach, which differs from the one usually adopted in the literature as explained below.
Given a polygon P and a polyline L, in our approach, P i , P bp , P b l , P e denote the interior, single boundary points, boundary lines and exterior of the polygon P, respectively, and With respect to the existing literature, where there is no distinction between isolated single boundary points and boundary lines of a polygon, and between isolated single interior points and interior lines of a polyline, in our approach the different notations, namely P bp , P b l for a polygon, and L ip , L i l for a polyline, are respectively introduced. They allow us to distinguish different configurations, as for instance the ones shown in Figure 3 , where the intersection between a polygon and a polyline consists of one isolated point, case (a), or a line, case (b). These configurations correspond to two different pictorial queries that the user can draw to represent the TCH geo-operator but they have different computational models, as we will see in the next section.
(a) (b)
Fig. 3. Boundary point vs boundary line intersections
For the sake of simplicity, in the rest of this paper we will consider the geometric type component of a SGO. In particular, due to the focus of our paper, we will concentrate on the polygon and polyline geometric types. 
and ∀ I(x), where I(x) is a neighborhood of x, the following holds:
According to the definition above, for instance, both the configurations given in Figure 3 correspond to the TCH operator, where in the case (a) one single interior point of the polyline is in common to the boundary of the polygon, and in case (b) one interior line of the polyline is in common to the boundary of the polygon. Note that, in the case (b) we assume that the number of isolated single points which are in common between the boundary of the polygon and the polyline is zero.
In our approach, it is possible to have pictorial queries by combining two geo-operators, i.e., TCH + PTH, and TCH + INC. In such cases, the semantics of the composite geo-operators requires that the above definition holds for both the involved geo-operators.
The 16-Intersection Matrix
In this section we introduce the 16-intersection calculi matrix (16-intersection matrix for short) which is on the basis of our approach. The 16-intersection matrix differs from the classical 9-intersection matrix for two main reasons. First, it extends the 9-intersection matrix by introducing the distinction between isolated single boundary points (P bp ) and boundary lines (P b l ) of the polygon, as well as the distinction between isolated single interior points (L ip ) and interior lines (L i l ) of the polyline. Second, each cell in the matrix contains a number providing additional information with respect to the 9-intersection matrix, corresponding to the number of connected components that are in the intersection between the pair of SGOs. Below, the formal definition of the 16-intersection matrix is given.
Definition 31 [16-intersection matrix]
. Given a polygon P ∈ SGO, and a polyline L ∈ SGO, the 16-intersection matrix is defined by the following 4x4 matrix:
and:
Note that, since the end points of a polyline are two, in any 16-intersection matrix the sum of the numbers in the third row is always equal to two. For instance, the element (L e , P i ) of the matrix above denotes the number of connected components (polygons) contained in the intersection between the interior points of the polygon and the external points of the polyline. Similarly, the element (L ip , P bp ) denotes the number of isolated single points contained in the intersection between single interior points of the polyline and single boundary points of the polygon.
In six cases the elements of the matrix are incomparable. In fact, in three cases, namely (
, the comparison is performed between isolated single points and lines, and in the other three cases, namely (L ip , P i ), (L ip , P e ), (L e , P bp ), the comparison is between isolated single points and portions of the R 2 space. In order to further clarify the issue, in the following subsection a query example is shown.
A query example

Consider the following user query q:
Find all the Italian regions that are passed through by a river. As already mentioned in the Introduction, this query, which involves the PTH operator, can be specified by using different pictorial representations. For instance, the one shown in Figure 4 
In fact, we have:
-six points which are single boundary points of the polygon and single interior points of the polyline (element (L ip , P bp ) of the matrix, see Figure 5 -(a)); -three connected components (polylines) which belong to the polyline and interior of the polygon (element (L i l , P i ) of the matrix, see Figure 5 -(b)); -four connected components (polylines) which belong to the polyline and the exterior of the polygon (element (L i l , P e ) of the matrix, see Figure 5 -(c)); -two boundary points of the polyline which are exterior points of the polygon (element (L b , P e ) of the matrix, see Figure 5 -(d)); -four connected components (polygons) that are internal to the polygon and external to the polyline (element (L e , P i ) of the matrix, see Figure 5 -(e)); -six connected components (polylines) that are external to the polyline and are the boundary lines of the polygon (element (L e , P b l ) of the matrix, see Figure 5 -(f)); -three connected components (polygons) that are external to the polygon and external to the polyline (element (L e , P e ) of the matrix, see Figure 5 -(g)).
A simpler pictorial representation of q is, for instance, shown in Figure 4 In the next section, the GeoPQL system will be presented and the 16-intersection matrices related to both the pictorial representations of the query q of Figure 4 (a) and (b) will be further illustrated.
The GeoPQL system
GeoPQL is a stand alone tool, in which the developed pictorial functions are integrated with ESRI-ArcView R ⃝ [2] in order to exploit its basic browsing and drawing functions as well as its underlying geographical database called ArcMap [1] . ArcMap represents geographic information as a collection of layers, where each layer corresponds to a particular dataset overlayed in the map. GeoPQL allows users to formulate their queries using drawing facilities and correctly interprets the query syntax and semantics on the basis of its underlying sound algebra (for details, see [18] ). For instance, in the Introduction, Figure 1 illustrates the pictorial formulation of the query shown in Figure 4 (b) in the GeoPQL working area, on the geographical database of Italy. As we can see in Figure 1 in the "Relation list" on the right side of the working area, GeoPQL correctly identifies the spatial relationship between the SGOs (Rivers 1 PTH Regions 1). Then, this query is translated and visualized to the user in a SQL like language [18] , as shown on the top of Figure 6 . Note that during the drawing phase which involves modifications, deletions and shifting of the pictorial representation, the textual query is continuously updated. The query is executed on ArcMap and the result is shown in Figure 6 , where the highlighted regions are the answer. The 16-intersection matrix m 2 given in Section 3, corresponding to this example, is shown on the bottom left of Figure 7 . As we can observe, the content of the 16-intersection matrix illustrated on the top left of the above mentioned figure represents the type of the intersections results, i.e. 0, 1, and 2 which stand for point, line, and polygon, respectively, according to the native representation of the OGC environment. The matrix indicated on the bottom, instead, is our proposed one, and contains in each cell the number of connected components that are in the intersection between the pair of SGOs. Note that in Figure 7 , which represents a simple PTH relationship, the matrix on the bottom left does not essentially add information to the matrix given on Figure 8 . In this figure, a different scenario, where the matrices illustrate a composite PTH+TCH between SGOs. In fact, as anticipated in the Introduction, our proposed matrix provides, for instance, the number of points ((L ip , P bp ) = 3), and the number of polylines ((L i l , P b l ) = 1) that are in the intersection between the interior of the polyline and the boundary of the polygon. This is not the case of the matrix on the top left of the same figure, which simply provides the values 0, and 1, simply indicating the type of the intersection values respectively. Note that in the OGC environment the F (FALSE) notation corresponds to incomparable and 0 in our 16-intersection matrix notation.
Finally, in Figure 9 , the matrices related to the pictorial representation of the query q of Figure 4 (a) are shown, where the matrix on the bottom left of the figure corresponds to the matrix m 1 given in Section 3. The level of detail of these matrices differs, for instance, in the case of the element (L ip , P bp ). In fact, the number of isolated interior points of the polyline which are also isolated boundary points of the polygon are six, whereas the standard OGC notation only provides the value zero, standing for an intersection of type point. Similarly, in the case of the element (L e , P b l ), the number of boundary lines of the polygon that are external to the polyline are six whereas, according to the standard OGC notation, the corresponding cell of the matrix provides the value one, simply standing for an intersection of type polyline. Note that the answers to both the queries shown in Figures 8 and 9 are null. 
Related Work
In the last few years, a number of proposals focused on the problems regarding the topological relations between SGOs. Some papers studied the conceptual neighborhood of topological relations between polylines [29] or between regions [15] . Similarly, other proposals discussed qualitative spatial reasoning [30] , models [25] [26] . With regard to the operators and algebras for geographical data, in [19] the authors introduced the oriented polylines, and extended the set of operators proposed in [17] [18] . With regard to binary topological relations, the 4-Intersection and 9-Intersection models [12] have been proposed, and a comparison between them has been made [13] . Regarding the 9-intersection model, the definition of binary topological relationships based on the interior (A • ), boundary (∂A), and exterior (A − ) of a 2-dimensional point set embedded in R 2 have been introduced [14] .
Concerning the topological relationships between geographical features, there is a number of different proposals in the literature, see for instance [5] [26] [8] [9] [10]. For instance, in [5] the authors refer to a calculus-based method, and investigate 17 relationships between polyline-polygon relations. In the mentioned paper some configurations, such as the relationship between a polyline entirely lying on the boundary of the polygon, are not considered. In [26] the authors present an extended model for describing topological relations between sets (objects) in GISs. However, they do not consider polygon-polyline relationships. In this paper, we consider the aforementioned relationships, and the cases in which a polyline partially or totally overlaps the boundary of the polygon.
In [8] the authors focus on six kinds of topological relations between a polyline and a polygon, and illustrate a hierarchical representation of these relations. They propose sixteen polyline-polygon topological relations as well as a conceptual neighborhood graph. However, the topological operators and their possible combinations are not discussed.
In [9] [10], starting from the Geographical Pictorial Query Language (GeoPQL) proposed in [18] , a preliminary study has been proposed which regards constraint relaxation on topological operators in the case of queries which produce null answers. As already clarified in the Introduction, in the aforementioned papers, given a topological relationship, three 9-intersection matrices have been defined that necessarily require to compute 27 matrix elements. In this paper, the 16-intersection matrix allows us to significantly reduce the number of elements to be evaluated to 10.
Conclusion
In this paper, we addressed the polygon-polyline topological relation and we defined a 16-intersection matrix that has been conceived to enhance and distinguish the semantics of cells' content with respect to the well-known 9-intersection matrix. In order to implement our proposed 16-matrix, we invoked in GeoPQL the open source Java libraries JTS Topology Suite, which conforms to the Simple Features Specification for SQL published by the Open GIS Consortium-OGC. The cases related to the polygon-polygon and polyline-polyline topological relations will be investigated in future work.
